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. Abstract. We define a cocycle on the group of Hamiltonian dif- 

Jp^ I feomorphisms of a symplectically aspherical manifold and in- 

Qvestigate its properties. The main application is an alternative 
proof of the Polterovich theorem about the distortion of cyclic 
CO . subgroups in finitely generated groups of Hamiltonian diffeo- 

morphisms. 
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.!^ ! 1. Introduction 

>< 
^ ■ In the present paper we investigate the properties of a certain 

. . . . cocycle defined on the group of Hamiltonian diffeomorphisms of 

a symplectically aspherical manifold. The cocycle appears more or 
less explicitly in Gambaudo-Ghys [5] and Arnold-Khesin [1, p. 247] 
for the case of a symplectic ball. 

As an application we proof a theorem due to Polterovich [17] that 
a finitely generated subgroup of the group of Hamiltonian diffeo- 
morphisms of a symplectically hyperbolic manifold has undistorted 
cyclic subgroups. 
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1.1. Distortion of cyclic subgroups. Let T be a finitely generated 
group and let \g\ denote the word norm of g G T with respect to 
some fixed finite set of generators. A cyclic subgroup (g) C F gen- 
erated by g is called undistorted if there exists a positive constant 
C such that for any integer n G Z there holds |g" | > C • \n\. 

Remark 1.2. According to Gromov's definition [8] finite subgroup are 
also undistorted. It follows from our definition that an undistorted 
cyclic subgroup is infinite. 

Example 1.3 (Groups with undistorted cyclic subgroups). (1) Free 
and free Abelian groups. 

(2) Hyperbolic groups. 

(3) Groups acting properly discontinuously on contractible CAT(O)- 
spaces. 

Example 1.4 (Groups with distorted cyclic subgroups). (1) Groups 
with torsion. 

(2) Heisenberg groups of the uppertriangular integer matrices. 

(3) Non-uniform irreducible lattices in semisimple Lie groups 
(see Lubotzky-Mozes-Raghunathan [13]). 

The first application is the following result which was also proved 
by Frauenfelder and Schlenk in [3, Theorem 3.7] by a different 
method. 

Theorem 1.5. Let (M,co) be an exact symplectic manifold convex at in- 
finity. Let h: r ^^ Ham.c{M, co) be an effective Hamiltonian action of 
a finitely generated group. Then any non-trivial cyclic subgroup of F is 
undistorted with respect to the word metric given by a finite set of genera- 
tors. 

Remark 1.6. It follows from the Thurston Stability (see for example 
Theorem 3.4 in Franks [2]) that a group acting smoothly with com- 
pact supports on an open manifold has many undistorted cyclic 
subgroups. We show that the reasons for the undistortion are not 
purely topological. Namely, in Section 5.4, we present an example, 
due to Lukasz Grabowski, of a smooth compactly supported action 
of the Heisenberg group on R" for n > 2. It is, however, not clear if 
the above theorem holds for volume preserving actions. 

A symplectic manifold is called exact if the symplectic form is ex- 
act. Notice that in this case M is not closed. The boundary dM of a 
symplectic manifold (M, a;) is called convex if there exists a vector 
field X defined in a neighbourhood of dM such that ^x<^ = ^ arid it 
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points outwards. A symplectic manifold (M, a;) is convex at infin- 
ity if there exists an increasing sequence of compact submanifolds 
with convex boundaries exhausting M. 

Example 1.7 (Symplectic manifolds convex at infinity). (1) The stan- 
dard symplectic Euclidean space (R^",a;). 

(2) The cotangent bundle (T*X,dX) over a smooth manifold X. 

(3) Stein manifolds. 

Roughly speaking our proof of Theorem 1.5 consists of the fol- 
lowing steps. We define a cocycle X: Hamc(M,a;) -^ C^{M) and 
compose it with a norm given by the oscillation. This induces a 
norm on the group Hamc(M, a;) and we prove that every nontrivial 
cyclic subgroup of Hamc(M,a;) is undistorted with respect to this 
norm. Finally we prove that the action h: F ^^ Hamc(M, a;) is Lips- 
chitz with respect to the word norm on F and the above mentioned 
norm on Hamc(M,a;). The proof is presented in Section 5.3. 

Let p: M -^ M be the universal covering. Making an observa- 
tion (Proposition 2.12) that there exists a lifting homomorphism 
W: Ham(M, a;) -^ Ham(M, p*a;), we extend the above argument 
to prove (in Section 6) the following result by Polterovich. 

Theorem 1.8 (Polterovich, 1.6.C in [17]). Let {M,co) be a closed sym- 
plectically hyperbolic manifold. Let F ^^ Ham(M,a;) be an effective 
Hamiltonian action of a finitely generated group. Fhen F has undistorted 
cyclic subgroups. 

Both proofs rely on the existence of certain fixed points proved by 
Schwarz [18] for closed manifolds and Frauenfelder-Schlenk [4] for 
manifolds convex at infinity. 

A symplectic manifold (M, a;) is said to be symplectically as- 
pherical if the pull-back p*co oi the symplectic form co to the uni- 
versal cover is exact, ie. p*co = doc for some one-form a. Observe 
that the symplectic asphericity is equivalent to the vanishing of the 
symplectic form on spheres. That is Jc2f*co = for any smooth 
map f : S^ ^ M. Clearly, the symplectic asphericity depends only 
on the cohomology class of the symplectic form. 

Example 1.9 (Closed symplectically aspherical manifolds). Aspher- 
ical symplectic manifolds, such as tori, surfaces of positive genus 
and their products, are obviously symplectically aspherical. A bran- 
ched covering of a symplectically aspherical manifold is again sym- 
plectically aspherical. This allows to produce more interesting ex- 
amples possibly with non-trivial second and higher homotopy groups 
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as it was done by Gompf in [6]. Also, a symplectic submanifold of a 
symplectically aspherical manifold is symplectically aspherical (see 
[9, 10] for other constructions and properties). 

Let (M, a;) be a closed symplectic manifold equipped with a Rie- 
mannian metric g and let p: M ^ M be its universal cover. The 
manifold {M,co) is called symplectically hyperbolic if it is sym- 
plectically aspherical and there exists a primitive a of p*co which 
is bounded with respect to the metric induced by g. That is there 
exists a constant C G IR such that 

sup ||a(x)|| < C, 
xeM 

where ||a:(x)|| := sup{a(x)(X) | X G TxM and |X| < 1}. 

Notice that the symplectic hyperbolicity does not depend on the 
choice of a Riemannian metric. Also, it depends only on the co- 
homology class of the symplectic form. Closed oriented surfaces 
of genus at least 2 and their products are symplectically hyperbolic 
as well as their branched covers and submanifolds. A symplecti- 
cally aspherical manifold with word hyperbolic fundamental group 
is symplectically hyperbolic [11, Corollary 1.13]. 

Acknowledgements. We thank Michael Weiss and the University of 
Aberdeen for the support of the visit of the first author in Aberdeen 
in May 2008. The second author thanks Frederic Bourgeois, Felix 
Schlenk and Thomas Vogel for discussions during the symplectic 
geometry seminar in Brussels in February 2008. 

2. A COCYCLE ON Symp(M, a; = doc). 

2.1. Definition of the cocycle. Let C'^{M) denote the vector space 
of real valued functions on M. The group Symp(M,a;) acts on 
functions from the right by the composition. We assume that M 
is connected throughout the paper. 

Let a. G 0^{M) be a primitive of the symplectic form co. That is 
da = CO. Let/ G Symp(M, a;) be a symplectic diffeomorphism. The 
one-form f*oc — oc is closed. 

Proposition 2.2. Let f G SympQ(M, doc). The form f*{oc) — oc is exact if 
and only if f is Hamiltonian. 

Proof. A diffeomorphism / is Hamiltonian if and only if there exists 
a symplectic isotopy ft from the identity to / such that 

da. = 

Ml) 
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for any loop 7: S^ -^ M (McDuff-Salamon [15, Theorem 10.12]). 
Then we have that 

0=/ doc = j oc = f*oc — a. 

■Ifth) Jf{i)-7 h 

which is equivalent to the exactness oi f* oc — oc. D 

Let Ham(M, da) C Symp(M, da) be the kernel of the cocycle 
Symp(M,dA;) -^ H^{M;'R) defined by / ^ [f*oc - oc\. Its connected 
component of the identity is the group of Hamiltonian diffeomor- 

phisms. Clearly, if H^ (M, i^) = then Ham (M, da) = Symp(M,da). 
Enlargements of the group of Hamiltonian diffeomorphisms of a 
closed symplectic manifolds are investigated by McDuff in [14]. 

If / G Ham (M, da) then there exists a function Xaif) such that 
dXocif) = /*^ ~ ^- Such a function is unique up to a constant. 

Proposition 2.3. Let (M, doc) be an exact symplectic manifold. The map 

%ci : Ham(M, a;) -^ C'^{M) /R defined above is a cocycle. 

Proof We have to check that Xc^if ° g) = "^aif) ° g + "^aig) up to a 
constant. 

d^ccifog) = {fogfoc-oc 

= g%d%o,{f))+d%M 
= d{%,{f) o g) + diX^ig)) 

We get that d{Xa{f o g) - Xa{f) o g - Xa{g)) = which means 
that the function Xa if ° g) — Xa if)°g — Xa (g) is constant. D 

2.4. Basic properties of X^. 

Proposition 2.5. If H^{M;'R) = then the cohomology class [Xa] G 
H^(Symp(M,da); C°°(M)/R) does not depend on the choice of a primi- 
tive. 

Proof. Let /3 G n^(M) be another primitive of co. Then oc — ^ = dF. 
A straightforward calculation shows that Xoc{f) —X^{f) = F o f — 
F, which means that Xc^ and Xj^ are cohomologous. D 

Proposition 2.6. There exists an injective homomorphism 

l: h1(M;R) -^ Hi(Ham(M,da);C~(M)/R). 

If oc and /3 are two primitives of the symplectic form then [Xa\ — [X^] = 
4a -/3]. 
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Proof. Let / G Ham(M,da) and let [a] G h1(M;R). Since / is iso- 
topic to the identity the closed one-form f*a — a is exact. Define a 
cocycle L{a) : Ham(M,rfa) -^ C~(M)/R by 



d{L{a){f)) := f*a — a. 



It is straightforward to check that this defines an injective homo- 
morphism 



l: h1(M;R) -^ Hi(Ham(M,rfa);C~(M)/R). 



Now we have that 



d{X,{f)-Xaif))=ria-^)-ia-^) 



which means that [Xix] — [Xr] = l[oc — fi] as claimed. D 

Remark 2.7. In the definition of l we have only used the fact that / 
acts trivially on the first cohomology of M. Thus l factors through 
Hi (Diff (M, H^);^^ (M) /R) the cohomology of the group of diffeo- 
morphisms acting trivially on H^{M;M.). 



Proposition 2.8. Let f G Ham(M, doc) be a Hamiltonian diffeomorphism 
generated by the Hamiltonian function F^ : M ^ R. Let x,y ^ M. Then 



X,{f){x)-X,{f){y) = f «+ [Ft{ft{x))dt-( f ^+ Cuf,[y))dt] , 

Jft{x) JO \Jfi{y) JO J 



where ft is the isotopy from the identity to f generated by Ft. 
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Proof. Let 7: [0,1] ^ M be a curve from x to y and let D be a 
singular disc with boundary dD = J + ft{y) — /(?) — ft{x). 



3C«(/)(i 


/) 






- I d%^ 






-If' 


a — a 




Jfb) 


f dcc- 
Jd 


/ 

■Iftiy) 


(x+ a 

Jft{x) 



/ / d(x{dft{j{s)),ft{j{s)))dtds - / a.+ oc 

Jo Jo Jftiy) Jft(x) 

/ / —dFt(dft('y(s)))dtds— / a + / oc 
Jo Jo ^ ■'^'^ '" Jftiy) Jmx) 

- fjFtiftiy)) - Ft{ft{x)))dt - / «+ / / 

Jo Jftiy) Jftix) 

1 /I 

/ ^ + / Ftift{x))dt -ifoc+f Ftiftiy))dt 
Jftix) Jo \Jftiy) Jo 



D 

Remark 2.9. If x G M is a fixed point of / and the orbit ft{x) is 
contractible then Xa, (/) is equal to the value of the action functional 
A{F,x) up to the above constant (see McDuff-Salamon [16, Section 
9] for the background about the action functional). 

2.10. Normalization. The restriction of the above cocycle to the sub- 
group of compactly supported Hamiltonian diffeomorphisms takes 
values in the space of smooth functions, after choosing Xa{f) so 
that it has compact support. To see that this is possible we first 
observe that the function Xaif) is locally constant outside the sup- 
port of /. Let x,y G M be two points outside the support of the 
Hamiltonian function Ft generating /. Notice that, by definition, 
a compactly supported Hamiltonian diffeomorphism is generated 
by a compactly supported Hamiltonian function. According to the 
formula in Proposition 2.8, we get that Xa{f){x) = %a{f){y) and 
hence Xa (/) is actually constant outside the support of / so we can 
normalize it to be compactly supported. 

Since the integration with respect to the symplectic volume is a 
morphism of Hamc(M, dA;)-modules C'^{M) -^ R, the integral in- 
tegral /^3Ca(/) (da)" for normalized X^if) is a cocycle in a trivial 
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module thus a homomorphism 

Cal: Hamc(M,doc) -^ R 

called the Calabi homomorphism. Its value can be calculated using 
the following formula 

/ 3<:^(/)a;" = (n + l) / / Ftcv'^ dt 
Jm Jo Jm 

(see Arnold-Khesin [i. Theorem 8.7 on page 247]). Here Ft is any 
Hamiltonian function generating /. 

On the other hand, if we only assume that a symplectomorphism 
has a compact support, but not that it is generated by a (com- 
pactly supported) Hamitonian flow then some Dehn twists T of 
T*S^ supported near the zero section induce Xpdqii^) which can- 
not be normalized to have a compact support. More precisely, 
let t: T*S^ -^ T*S^ be given by T{p,q) = (p,q + t(p)), where 
< t{p) < In, t{p) = for p < -1 and t{p) = In for p > 1. 
Then d%p^{r) = t'{p)pdp and 

'Xpdq{T){l,q)-'Xpdq{T){-l,q) = j_t'{p)pdp 

1 r\ 

= Kv)v _^- J_^Kp)dp 

= In- I t{p)dp. 

-1 

Thus Xpdqi^) has compact support if and only if J_^ Kp)'^P — ^tt- 

2.11. The case of a closed manifold. Let p: M ^ M be the univer- 
sal covering. Let G be a path connected group of homeomorphisms 
of M and let 

evx'. G ^ M 

be the evaluation map defined by 

ev,(/):=/(x), 

where x G M is a chosen point. 

Proposition 2.12 (cf. [12, Remark 1.5.B]). Let G be a path connected 
group of homeomorphisms of M. Suppose that the evaluation map induces 
the trivial homomorphism on the fundamental group. Then there exists a 
homomorphism 

Y: G^Homeo(M) 
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such that T(/) o 71 = T(/), where n G ni{M) is a deck transformation. 
Moreover it satisfies ip o W{f) = f o p. 

Proof Let /t G G be an isotopy from the identity to /. Define 

Y(/)(x):=/i(x), 

where ft is the lift of the path ft{p{x)) starting at x G M. 

We have to show that Y{f) is well defined. Let // G G{M,co) be 
another isotopy from the identity to /. Then we get that f\{x) = 
7i{f[{x)), where n := [ft{x) *//(x)] G 7ii{M) is the deck transfor- 
mation induced by the loop {ft *//)(^) = £'Vx{ft * ft)- Since the 
evaluation map induces the trivial homomorphism on the funda- 
mental groups, the above element n is trivial. Hence Y(f)(x) is 
well defined and clearly it is a lift of /. D 

Example 2.13. 

(1) It is easy to prove that the image of the homomorphism 

(ev^)*: ni{G) -^ ni{M) 

is contained in the centre of the fundamental group of M. 
Hence, the above proposition applies to any space whose 
fundamental group has trivial centre. 

(2) If G C SympQ(M,a;) and the evaluation map ev^: G ^ M 
induces the trivial map on the fundamental then the homo- 
morphism Y takes values in the group SympQ(M, p*co). 

It is well known (and difficult to prove, see Corollary 9.1.2 in 
McDuff-Salamon [16]) that the evaluation map on the group of 
Hamiltonian diffeomorphisms of a closed manifold induces the triv- 
ial map on the fundamental group. Hence we get the lifing ho- 
momorphism Y: Ham(M,a;) -^ Ham(M, p*a;). If {M,co) is closed 
symplectically aspherical then taking the composition %ci ° ^ we get 
a cocyle 

Y*{%a)-- Ham(M,a;) ^C~(M)/R. 

It follows from the next proposition that for symplectically hy- 
perbolic manifolds the above cocycle is defined on the group of all 
symplectomorphisms isotopic with the identity. 

Proposition 2.14. Let (M, a;) be a closed symplectically hyperbolic man- 
ifold. Then the evaluation map evx'- SympQ(M,a;) -^ M induces the 
trivial homomorphism on the fundamental group. Consequently, there ex- 
ists a lifting homomorphism Y: SympQ(M, a;) -^ SympQ(M, p*co). 
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Proof. If {M,co) is symplectically hyperbolic then the symplectic 
form vanishes on tori. That is s*[a;] = for any smooth map 
s: T^ ^ M. The proof of this fact is not difficult and can be found 
in Gromov [7, Example 0.2.A'] or K^dra [11, Proposition 1.9]. This 
implies that the flux homomorphism Flux: 7ri(SympQ(M, a;)) -^ 
H^(M;]R) is trivial. Consequently the inclusion Ham(M, a;) -^ 
SympQ(M,a;) is a homotopy equivalence and the statement follows 
form the analogous statement for Ham(M, a;). D 

Corollary 2.15. If (M, a;) is a closed symplectically hyperbolic manifold 
whose fundamental group has torsion-free centre then there is a well de- 
fined cocycle 

W*{%^): Sympo(M,a;) ^C~(M)/R. 

D 

3. The Polterovich homomorphism 

Let Ham(M, co, x,y) denote the group of Hamiltonian diffeomor- 
phisms fixing two points x, y G M. Let 7: [0,1] -^ M be a curve 
from xtoy. That is 7(0) = x and 7(1) = y. Let/ G Ham(M, a;, x,y). 
Let D C M be a disc whose boundary is the loop given by the con- 
catenation of 7 and /(7). In other words, let D: D^ -^ M be a 
2-chain with dD = 7 — /(7)- Define the map 

y^^y: Ham(M,a;,x,y) -^ IR 

Proposition 3.1. Let (M, a;) be a symplectically aspherical manifold. 

(1) If {M,co) is exact then the map 'y'x,y is a well defined homomor- 
phism. 

(2) If M is closed then the map Tx,y is a well defined homomorphism 
on the group 'Ham.{M,co,x,y)cont consisting of those Hamilton- 
ian diffeomorphisms for which both x and y are contractible fixed 
points. 

In both cases we shall call it the Polterovich homomorphism (cf. Sec- 
tion 2.1 in Polterovich [17]). 

A fixed point x G M of / is called contractible if there exists an 
isotopy ft from the identity to / such that the loop /t(x) is con- 
tractible in M. 
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3.2. A digression on contractible fixed points. There is an obvious 
inclusion Ham(M, co, x, i/)o C Ham(M, co, x, i/)cont- If dim M > 4 the 
above inclusion is an equality. To see this, consider the evaluation 
fibration 

Ham{M,co,x,y) -^ Ham(M,a;) — ^ M x M - A, 

where evx,i/(/) = (/(^)//(y))- If both /^(x) and ft{y) are contractible 
in M then the loop {ft{x),ft{y)) is contractible in M x M - A be- 
cause the diagonal has codimension at least four. Lifting the con- 
traction from {ft{x),ft{y)) to (x,i/) we get an isotopy from the iden- 
tity to / fixing X and y as claimed. 

If dimM = 2 then it is easy to construct a Hamiltonian diffeo- 
morphism / of a surface with two contractible fixed points such 
that any isotopy from the identity to / does not preserve them. 

3.3. Back to the proof of Proposition 3.1. We start with the fol- 
lowing lemma which is of independent interest. Let x,y ^ M and 
let {x — y): C°°(M)/R -^ IR denote the evaluation homomorphism. 

Thatis(x-y)(f):=f(x)-f(y). 

Lemma 34. Let (M,da.) be an exact symplectic manifold. The following 
diagram is commutative. 

Ham{M,doc) ^" ^ C~(M)/]R 

x-y 

'V . 

Ham(M, doc, x, y) — ^ R 

Proof. This is an application of the Stokes Lemma. Let D be a sin- 
gular disc as in the previous section. 

Vx^jif) = f doc= f oc 

Jd JdD 

= a— oc = oc — f*oc 

= - f dX^{f) = - f Xaif) 



'7 .Jd'y 

X,{f){x)-X,{f)iy). 



D 



Proof of Proposition 3.1. Since (x — y): C°°(M)/]R ^ R is a morphism 
of Ham(M, co, x,y)-modules, the composition 

{x — y) o Koi'. Ham(M, doc, x,y) ^ R 
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is a cocycle in the trivial module, hence a homomorphism. This 
proves the proposition in the case of an exact manifold. 

In the closed case, let x,y G M be points in the preimage p~^{x) 
and p~^{y) respectively. As in Proposition 2.12 and due to the con- 
tractibility of the fixed points, we have a homomorphism 

Y: Ham(M,a;, x,i/)cont -^ Syrap {M, da., x,y). 
Clearly, the composition (x — y) o X^ o T is a homomorphism equal 

to Tx,y. □ 

4. The non-triviality of X 

Theorem 4.1 (Frauenfelder-Polterovich-Schlenk-Schwarz). Let (M, a;) 

be a symplectic manifold which is either 

(1) closed symplectically aspherical or 

(2) exact and convex. 

Let f G Hamc(M, a;) be a compactly supported Hamiltonian diffeomor- 
phism. There exist two contractible points x,y ^ M such that 7x,y{f) 7^ 0- 

Proof. First observe that, according to Remark 2.9, we have 

'J',,y{f)=X,{f){x)-X,{f){y) =A{F,x)-A{F,y), 

for any two contractible fixed points x, y G M. This observation has 
been made by Polterovich in [17]. 

The second step is to prove that for any Hamiltonian diffeomor- 
phism / G Ham(M, a;) there exist two contractible fixed points 
x,y ^ M such that A{F,x) < A{F,y). In the case of a closed sym- 
plectically aspherical manifold this was done by Schwarz in [18]. 
We also refer to McDuff-Salamon (Theorem 9.1.6 on page 283 in 
[16]) for the proof. 

The case of an exact and convex symplectic manifold was done by 
Frauenfelder and Schlenk [4] based on the ideas of Schwarz. More 
precisely they define (Section 7 of [4]) a map 

c: Hamc(M,a;) -^ IR 

and they prove (Theorem 7.3 in [4]) that for any compactly sup- 
ported Hamiltonian diffeomorphism / the number (called the Schwarz 
norm of /) 

c{f) + c{f-') 

is positive if and only if / 7^ ID. Moreover, it follows from Propo- 
sition 5.1 and Corollary 6.3 in [4] that there exist two fixed points 
x,y ^ M contractible with respect to the isotopy ft generated by f 



A COCYCLE ON THE GROUP OF SYMPLECTIC DIFFEOMORPHISMS 13 

such that c(/) = A{F,x) and c{f~^) = —A{F,y). Finally we get 
that 

< c(/) + c(/-i) = A{F, x) - A{F,y) = y^,y{f), 

as claimed. D 

Corollary 4.2. Let (M, a;) he an exact and symplectic manifold convex at 
infinity. Then the cohomology class [Xa] G H^(Hamc(M,a;);C~(M)) 
is non-zero. 

Proof. Let / G Hamc(M,a;,x,i/) be such that ^x.yif) 7^ 0. Let 

z: Hamc(M, a;, x,i/) ^ Hamc(M, a?) 
be the inclusion. Consider the composition 

Hi(Hamc(M,a;);C~(M)) 



H^ (Hamc(M, co, x, y); C~ (M) ) ^^^ H^ (Ham^ (M, oo, x, y); R), 

where the second map is induced by the morphism x — y: Cf (M) -^ 
R of Hamc(M, oo, x,y) -modules. 

Notice that R is the trivial module hence H^ (Hamc (M, oo, x, y); R) = 
Hom(Hamc(M,a;,x,y),R). Clearly the class (x - y)*z*[D<:] = [Tx,y] 
is non-trivial since '?x,y{f) 7^ 0. Thus the class [X] 7^ as claimed. 

D 

An analogous proof works in the closed case, so we get the fol- 
lowing. 

Corollary 4.3. Let (M, co) he a closed symplectically aspherical manifold. 
Then the cohomology class W*[Xa] G Hi(Ham(M,a;);C~(M)/R) zs 
non-zero. D 

5. Distortion of cyclic subgroups 

5.1. Abstract nonsense. Let T be a finitely generated group equipped 
with a word norm | • | and let (F, || • ||) be a T-module with a norm 
preserved by the action. Let (/) C T be a cyclic group generated by 
Id 7^ / G r. Consider the following commutative diagram 



(/>^R 
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where the maps X and 7 are cocycles, }i: y ^^ ]R is a map of (/)- 
modules and R is a trivial (/) -module. 

Lemma 5.2. Suppose that the following conditions hold: 

(1) |y(/)| < \\X{f)\\forallkeZ, 

(2) 7 is a nontrivial homomorphism, 

Then (/) zs undistorted in F. 

Proof. First observe that any cocycle %: F ^ V is Lipschitz. To see 
this, let gi, . . . , gj( G r be the generators inducing the norm | • |. Let 



m := max{ X{gi) i = 1, 


...,k}.iif = g,^.....g, 


then we get 


that 


nf) = 3<;(g.i •■■■•%,) 


= 


\f\ 

7=1 




< ^ 


f\ 

C %{g,.) <m- f. 
=1 





Let Id 7^ / G r. The hypothesis together with the above observa- 
tion immediately imply the following inequalities: 

0<n|T(/)| = |T(/")| < ||3C(/")|| <m-|/"|. 

It follows that 

in/) I 



in > 



m 



n > 0, 



which finishes the proof. 



D 



5.3. Proof of Theorem 1,5, Recall that {M,da.) is an exact and con- 
vex symplectic manifold and F -^ iiamc{M, da) is an effective ac- 
tion of a finitely generated group. Let Id 7^ / G T. We shall show 
that the cyclic subgroup (/) C T is undistorted. 

Let the oscillation osc: C'^{M) ^ IR be defined by osc(f) := 
maxj-eM F — t^^xeM F- It is a norm on the space of compactly sup- 
ported functions. We have the following commutative diagram 



F 



Hamc{M,d(x) ^" ^ C^{M) ^^ R 

x-y 



(/) ^¥[am.{M,dix,x,y) 



J'.v,: 



R 
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Observe that the inequality 7x,y{f) < osclKft;(/) is trivially satisfied 
since 7x,y{f) = '^a{f){x) — Xoi{f){y), according to Lemma 3.4. The 
points x,i/ G M are chosen so that the Polterovich homomorphism 
is nontrivial 'J'x,y{f) > 0. Hence we are precisely in the situation 
when the hypothesis of Lemma 5.2 is satisfied. Thus applying this 
lemma finishes the proof. D 

5.4. An example of a compactly supported action with distorted 
cyclic subgroups. This section is essentially due to Lukasz Grabow- 
ski. If r acts on a manifold M with a global fixed point x and the 
isotropy representation can be deformed to the trivial one. This 
means that the isotropy representation lies in the connected com- 
ponent of the trivial one inside the representation variety {F -^ 
GL (TxM)}. Then one can replace x by a disc and extend the ac- 
tion of r to an action which is trivial in some (smaller) disc. In 
other words one can produce a compactly supported action of F on 
M — {x} which has essentially the same orbit structure. 

Consider the projective action of the Heisenberg group H := 
N{3,Z) of uppertriangular matrices with integer entries on two di- 
mensional sphere S^. The isotropy representation on the tangent 
space to the north pole (1,0,0) is given by 



lac 
1b 
1 



1 b 
1 



and it clearly can be deformed to the trivial one. Thus we get that 
the Heisenberg group acts smoothly with compact supports on an 
open ball S^ — {x}. This can be generalized in an obvious way to 
higher dimensions. The centre of the Heisenberg group is a dis- 
torted cyclic subgroup as it can be directly calculated (see also Gro- 
mov [8, page 52]). We have then proved the following result. 

Proposition 5.5. Fhere exists a smooth, compactly supported action of the 
Heisenberg group H on ]R" for any n >2. D 

6. A PROOF OF THE POLTEROVICH THEOREM 

Proposition 6.1. Let (M, a;) be a closed symplectically hyperbolic mani- 
fold. Fhen the composition 

Ham(M,a;) ^ Ham(M,da) ^ C~(M)/R 

takes values in C^{M)/'R, where C'^{M) denotes the space of bounded 
functions. 
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Proof. Let / G Ham(M, a;) and let x,i/ G M be any two points. Let 
ft be an isotopy form the identity to / generated by a Hamiltonian 
function Ft: M -^ IR and let ft and Ft be the corresponding lifts 
to M. According to Proposition 2.8 we get the first equality in the 
following calculation. 

\%,{T{f)){x)-%,{Y{f)){y)\ 
f 0C+ f Ft{ft{x))dt- f CC+ f Ft{ft{y))dt 

Jftix) Jo Jftiy) Jo 

< 2 • C • max Length(/i (x) ) + 2 • max f ; (^) 

X x,t 

The last quantity is finite because Ft and ft are lifts of Ft and ft 
respectively and the latter are defined on a compact manifold. Also, 
the length is calculated with respect to the metric induced from M. 
We used the easy fact that 

/ ^<C-Length(/,(x)), 

where C > is the constant bounding the norm of oc. D 

Let r -^ Ham(M, a;) be an effective action of a finitely generated 
group. We shall show that every nontrivial cyclic subgroup (/) of 
r is undistorted. 

Proof of Theorem 1.8. Let g\,g2,---,g}i G T be generators and let 
m := T(\axi%oi,{f¥ [gi]) be the Lipschitz constant (cf. Lemma 5.2). 
Due to the above proposition, m is finite and we have the following 
estimate 

^ 0SC(JC,(Y(/"))) ^ y.,y(/") _ ^^ yx,y{f) ^ Q 

m mm' 

The existence of fixed points x,y ^ M such that 7x,y > is ensured 
by Theorem 4.1. D 

7. The RELATION WITH THE FLUX HOMOMORPHISM 

Let p : M ^ M be the universal cover of a closed manifold. Let 
C^{M) denote the space of bounded functions and let 

0: h\M;R) -^ C''iM)/C^{M) 

be a homomorphism defined by d0[a] = p*a. It is easy to check that 
this homomorphism is injective. 



A COCYCLE ON THE GROUP OF SYMPLECTIC DIFFEOMORPHISMS 17 

Proposition 7.1. Let {M,co) be a closed symplectically hyperbolic mani- 
fold. The following diagram is commutative. 

Sympo(M,a;) JhE_^ h\M;R) 



w 







Symp(M,da) -^ C'°{M)/C^{M) 

Here 5"^ is the composition ofXa with the natural projection. 

Proof. We shall show that 0(Flux(/)) equals %a{^{f)) up to a bounded 
summand. Notice that the homomorphism W : Sympg(M, a;) -^ 
SympQ(M, p*a;) exists due to Proposition 2.14. If ft is an isotopy 
from the identity to / then 

1 

is a differential form representing the flux of /. In the following 
calculation let Xt ■= jt^ift)- 



d0(Flux(/)) = p* (j {Lf^co)dt 



Further we have that 

" Y{ft)*ci{Xt)dt 



1 
(/Xjrfa) dt 

{ix,Y{ftYdoc)dt 

^{Lx,T{ftra-dLx,Y{fty^)dt 

Y{fyoc-oc-d [ Y{ft)*cc{Xt)dt 
Jo 

d{%^{W{f))- j^ Y{ftYix{Xt)dt 



<C- max ||D,T(/,)|| -Length^Kx)), 

(x,t)eMx[0,l] 



where C is a constant bounding the norm of the primitive a. Clearly, 
the right hand side of the above inequality is finite. This finishes the 
proof. D 
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As a byproduct of the above result we get the following character- 
ization of Hamiltonian diffeomorphisms of a closed symplectically 
hyperbolic manifold. 

Corollary 7.2. Let (M, a;) be a closed symplectically hyperbolic manifold. 
A symplectic diffeomorphism f G Sympg(M, a;) is Hamiltonian if and 
only if%oc{T(f)) is bounded. D 
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